




















































We show that there is a function of one variable's worth of Lagrangians
for a single Maxwell eld coupled to gravity whose equations of motion
admit electric-magnetic duality. Such Lagrangians are given by solu-
tions of the Hamilton-Jacobi equation for timelike geodesics in Wit-
ten's two-dimensional black hole. Among them are the Born-Infeld
Lagrangian which arises in open bosonic string theory but not the
Tseytlin Lagrangian which arises in open superstring theory. The
Tseytlin Lagrangian does not even admit a discrete electric-magnetic
duality. We discuss some implications for black holes in string theory
and an extension to 2k-forms in 4k spacetime dimensions.
1 Introduction
In ordinary Maxwell theory in Minkowski spacetime a Hodge duality rotation






E ! cos E  sin B
B ! cos B+ sin E
(1.1)
which takes solutions of the sourceless Maxwell's equations into solutions and
which moreover commutes with Lorentz transformations. If one writes the





+ sin ? F

(1.2)
where ? denotes the Hodge star operation one sees that invariance under
duality rotations continues to be a symmetry of Maxwell's equations in a
curved spacetime. One can ask whether a generalization of duality invariance
continues to hold if one modies the Maxwell action. In particular one may
consider Lagrangian densities L =
p











and the spacetime metric g

but which are not
quadratic in the two-form F

and whose equations are therefore non-linear.
The purpose of this paper is to answer this question. We shall show that
there are as many such Lagrangians as there are solutions of the Hamilton-
Jacobi equation for timelike geodesics in a two dimensional Witten black
hole spacetime [1]. Thus, roughly speaking, such Lagrangians depend upon

















where the constant b has the dimensions of length squared.
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Of course if one
keeps the Lagrangian quadratic in F

but couples extra elds, such as an
axion and dilaton it is known [3] that one may extend the SO(2) invariance
to an SL(2;R) invariance but as far as we are aware all existing discussions
1




= 1, so that the parameter b,
Newton's constant G and the inverse string tension 
0
all have the dimensions of length
squared. In these units, electric and magnetic charges are dimensionless.
1
of duality do not consider equations of motion which are non-linear in the




we consider it worth a special investigation. In particular the Born-Infeld
Lagrangian arises in open bosonic string theory and gives rise to electric-


































which arises in the superstring theory gives rise to equations which are not
electric-magnetic dual symmetric.
In what follows we shall adopt the following conventions, 

will be
the covariantly constant volume form and indices will be freely raised and
lowered using the metric g

whose signature is   + ++. Thus the Hodge












and we have ?? =  1.
The electric intensity E and magnetic induction B are dened in a local













. One has ?E =  B and



















which are equivalent to


















There is some ambiguity in the denition of this partial derivative depending on
whether or not one takes into account the antisymmetry of F





as independent variables, hence the factor of 2.
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, then the eld equations are equivalent in Minkowski
spacetime to






The eld equations and Bianchi identities may be combined in the form
r  (D+ iB) = 0
(1.11)




Thus the generally covariant generalization of Hodge duality rotations to a


























E+ iH ! e
i
(E+ iH)








were independent variables then electric-
magnetic duality rotations would take the linear eld equations into the
linear Bianchi identities and conversely regardless of the specic form of
the Lagrangian L. However they are not independent of one another; they






which in general is




. Only for a restricted class of
Lagrangians will this relation be invariant under electric-magnetic duality
3
rotations. Note that one should distinguish electric-magnetic duality rota-
tions from Hodge rotations. Hodge rotations transform E into B and D into





E = D and B = H, Hodge rotations do not take the Bianchi identities into
the equations of motion.
2 Duality Invariance
In order to nd which Lagrangians admit electric-magnetic duality rotations









































Substituting the denition of G























This second order partial dierential equation in the six variables F

is
the necessary and sucient condition on the Lagrangian L that its Euler-



























A rst integral of our second order partial dierential equation is obtained
by integrating with respect to F

























where C is an arbitrary constant of integration. In fact, if L is to agree
with the usual Maxwell Lagrangian at weak elds, the constant must vanish
but we shall retain it for the time being. Note that the condition we have
obtained is manifestly Lorentz-invariant. By dierentiating the rst integral
one sees that every such rst integral satises the second order equation
provided the constitutive relation holds.
Using the denition of G











In terms of the electric and magnetic intensities E and H and the electric
and magnetic inductions D and B our condition reads
E B = D H+ C: (2.7)
Equation (2.6) has an important consequence for the duality transforma-













where the partial derivative with respect to g

is taken with F

held xed.
Under an innitesimal duality rotation T


















































































Thus the energy-momentum tensor of a duality invariant theory with C = 0
is itself invariant under duality rotations.
3 Hamiltonian Viewpoint
The condition that we have obtained has an interesting Hamiltonian geo-
metric interpretation which is useful in discussing its solution and which also







, has coordinates F

and carries a Lorentz-invariant metric










= 4E B: (3.1)
The dual space V

of V consists of skew-symmetric second rank contravariant
tensors G

. The phase space P = V  V









= dB ^ dH  dD ^ dE: (3.2)




is a Legendre transforma-
tion with generating function L and denes a Lagrangian submanifold L of
the phase space P = V  V

.
Electric-magnetic duality rotations act symplectically on P with gener-













The Legendre transformation will therefore commute with electric-magnetic
duality rotations if the Lagrangian submanifold L is invariant under the
action of electric-magnetic duality rotations.







with generating function S(q
i










) if and only if S satises the Hamilton-Jacobi equation















where  is a constant labelling the level sets of the Hamiltonian K on which




) and  =  2C.
One may, if one wishes, regard L as satisfying the Hamilton-Jacobi equa-




















For a Lorentz-invariant theory the Lagrangian function L = L(F

) can













= 4E B. Thus our condition eectively reduces to a partial
dierential equation in two variables. It turns out to be most convenient to
make use of the freedom to make Lorentz-transformations to pass to a frame
in which E and B , are parallel. It then follows that both D and H will also
be parallel to both E and B. This is possible everywhere in V except on the




= 4E B vanishes.









































+ 4 (E B)
2

so that E and B are the magnitudes of E and B in this special frame. In





= C   EB: (3.7)








Interestingly E and B are null coordinates for Witten's two dimensional
black hole spacetime W [1]. The general solution of this equation may be
constructed by picking an initial spacelike curve  in W on which L takes
some constant value. The value of L at a point in p = (E;B) 2 W not on
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 is then the action or proper time along a timelike geodesic joining p to .
Since there may be more than one such geodesic the Lagrangian L will in
general have branch points and be multi-valued. The initial curve  may be
specied by giving an arbitrary function of a single variable. Alternatively
one may x a Cauchy curve  on which L is allowed to take arbitrary values.
L is then obtained at a point p 2 W not on  by joining p to  by a timelike
geodesic of proper time  (p) meeting  in the point q(p). One then has
L(p) = L(q(p)) +  (p): (3.9)
Convenient initial Cauchy surfaces are the null surfaces B = 0 or E = 0.
Thus for example one may specify arbitrarily the constitutive relation D =
@L
@E
at zero magnetic eld or H =  
@L
@B
at zero electric eld and extend it
to non-vanishing magnetic or electric elds respectively in such a way that
it is duality invariant. Thus there are, roughly speaking, as many electric-
magnetic duality invariant generalizations of Maxwell's equations as there
are functions of a single variable. Physically one presumably wants them to
coincide with Maxwell's theory at small values of E and B in which case a












then the Hamilton-Jacobi equation becomes even simpler; it reduces to that






4 Duality Invariant Lagrangians
To obtain explicit solutions of (3.11) one must resort to techniques such as
separation of variables in particular coordinate systems. For example if one









;  = 1: (4.1)
For general ; ; ;  this does not coincide with Maxwell theory for small
values of E and B, the terms quadratic in E and B being dierent from
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those in Maxwell theory, so the condition C = 0 is not sucient to ensure
that the theory has the correct weak eld limit. It can be shown that the
only Lagrangian of the form (4.1) which does have the correct weak eld
limit is given by  = 1=,  = =
2
,  = b
2


















































where O(6) denotes terms of order 6 in E and B. The fact that Born-
Infeld theory is electric-magnetic duality invariant seems to have been noticed
rst by Schrodinger [6]. It is interesting to note that the Euler-Heisenberg















up to and including terms O(4), and hence it is duality invariant to that
order. This may indicate that, under some circumstances, classical duality
may persist at the quantum level.






















































































This also agrees with the Born-Infeld Lagrangian up to an including terms
O(4) and hence it is duality invariant to that order. However, if one expresses
L as a function of u and v dierentiates and substitutes in the Hamilton-
Jacobi equation, a short calculation shows that L is not a solution and hence
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the equations of motion are not duality invariant to all orders. In fact it can
be shown that duality invariance is broken at the sixth order in E and B.
Approximate solutions to equation (3.11) can also be obtained by a power
series expansion. It is convenient to dene new variables x and y by

































Assuming that L coincides with the Maxwell Lagrangian for small values of




), then it is found that the quadratic terms in
x and y must be proportional to x
2
, i.e.




























+ a (E B)
2
+O(6):
This coincides with the Born-Infeld Lagrangian up to and including terms






Equation (4.6) is insucient to determine uniquely the higher order terms
in the expansion of L. Writing L in the form







where f is an arbitrary function of x satisfying f(0) = f
0
(0) = 0 and each
L
(n)
(x; y) contains only terms of order n in x and y, equation (4.6) determines
each function L
(n)

















































(Keeping only terms of order n+ 1 in x; y):
This conrms the fact that there are a function of one variable's worth of
Lagrangians admitting duality rotations and gives an explicit algorithm for
their construction. This method of construction guarantees that







satises (4.6) up to and including terms of order n  1 in x and y and hence
leads to dual invariant equations of motion to that order.
Exact solutions of the dierential equation (3.7) are, in practice, hard
to nd. One such solution, with C 6= 0, may be obtained by separation of






















































whereK is an arbitrary constant. However, this solution is pathological since








are ill-dened at E = B = 0, since the limit of D and H as E and B are
taken to zero is dependant on the way in which the limit is taken.
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5 Other Dualities
One may ask if there are Lagrangians leading to other more general electric-
magnetic dualities. The SO(2) rotation (1.12) may be generalized to an




































E = E  H
B = B+ D
D =  D  B
H =  H+ E:
(5.2)
As before, one can work in a Lorentz frame in which E, B, D and H are
all parallel. The invariance of the constitutive relation then gives a pair of





































+ E = 0:
However, if one requires that L coincides with Maxwell theory up to and
including terms quadratic in E and B, then by expanding L as a power
series in E and B and considering terms linear in E and B in equation (5.3),
it can be shown that no solutions exist unless  = 0 and  = . The duality
transformation then reduces to the SO(2) rotations considered above.
Therefore, restricted to Lagrangians which coincide with the Maxwell
Lagrangian for small values of E andB, the only continuous electric-magnetic
duality transformations which leave the constitutive relation invariant are
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SO(2) rotations of the form (1.12). Lagrangians which give rise to more
general SL(2;R) dualities cannot coincide with the Maxwell Lagrangian for








+ E B+O(4); (5.4)
since there is no invariant of F

of odd order in the elds. However  can
be made equal to
1
2
and the -term made to vanish by a canonical coordinate
transformation (rescaling E and B and rotating E into B). Therefore it











and duality transformations of the form (1.12).
It is also interesting to ask whether a particular Lagrangian leads to a
theory with a discrete electric-magnetic duality invariance. In the case of
Born-Infeld theory, given by the Lagrangian (4.2), the constitutive relation




















































































When expressed in this form, it is clear that there is a discrete electric-
magnetic duality corresponding to interchanging B and D and also inter-
changing E and H. In the Hamiltonian picture, this discrete duality invari-
ance of the constitutive relation may be seen as a mirror symmetry of the
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Lagrangian submanifold L under reections in the 6-dimensional hyper-plane
B = D, E = H of the phase space P.
To determine whether other Lagrangians such as the Tseytlin Lagrangian
(4.5) also admit this discrete duality it is sucient to consider a power series
expansion of the Lagrangian. Assuming that the Lagrangian coincides with







































Dierentiating with respect to E and B to obtain D and H one can then
solve for E andH in terms of B and D as above. Then the condition that the
constitutive relation be invariant under discrete duality transformations gives




;  = 8   
2
: (5.9)
It is easy to check that the power series expansion of the Born-Infeld La-
grangian does indeed satisfy these constraints, whereas the Tseytlin La-
grangian does not. Thus it is the sixth order terms in the Tseytlin Lagrangian
which break both discrete and continuous duality invariance.
6 Extension to 2k-Forms in 4k Spacetime Di-
mensions
The analysis above may be repeated in an almost identical fashion for elds
given by 2k-forms in 4k spacetime dimensions where the operator identity
?? =  1 continues to hold. The Lagrangian will be a function of the com-







range from 0 up to




















In a local orthonormal frame, one may dene the electric and magnetic in-













































































is the Levi-Civita symbol























































































is the covariantly constant volume form in 4k dimensional space-







































Dening SO(2) electric-magnetic duality rotations as before, invariance of




























































































































. This can now be integrated




















































































































Note that in 2k spacetime dimensions, for k odd, the right hand side of equation (6.10)


















for k odd. Thus duality rotations
of the form (1.12) are not possible in 2, 6, 10, : : : spacetime dimensions.
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One may also obtain these results using the Hamiltonian theory described








) and proceeds in an almost identical
fashion. The simplest example of an electric-magnetic duality invariant La-
grangian would then be the obvious analogue of the Born-Infeld Lagrangian
in the form (4.2). This resolves the obvious puzzle of how to generalize the
determinant in (1.3) to 2k-forms for k > 1.
7 Four Dimensional Spacetime Solutions
To illustrate our results in 4 dimensions we consider spherically symmetric
gravitating solutions (in the presence of a cosmological term ) of non-linear
electrodynamics. Because the procedure for obtaining local solutions has
been extensively studied in the literature [8]{[13] we merely quote the results
we need, which are easy enough to obtain anyhow. For any such theory,
whether dual symmetric or not, it is known that Birho's theorem holds,



















































U (D(r); B(r)) : (7.3)
The function U(D;B) is the energy density in the local orthonormal frame
aligned with the static Killing vector. B(r) and D(r) are the magnetic and
electric inductions in that frame. The energy density may be obtained from
the Lagrangian L = L(E;B) by a Legendre transformation :




























































It is clear from (7.1), (7.3) and (7.6) that in Born-Infeld theory, the gravita-
tional eld of a source with electric chargeQ and magnetic charge P , depends









under duality rotations, which send Q + iP into e
i
(Q + iP ). This is as
expected since T

is unchanged by duality transformations in dual invariant
theories and hence so is the metric. This will not be true if the theory is not

































where M is a constant of integration. If one wants an asymptotically at
solution one must set  = 0. In that case M is the ADM mass. It is helpful




















































































E has the interpretation of the energy of the electromagnetic eld and so
 M
0
may be interpreted as the binding energy. The electromagnetic eld
























The y integral may then be integrated by parts becoming a standard elliptic




































= 1:23604978 : : :













jZj  1 there is





jZj < 1 there is no





jZj, one has a conical singularity




for small r. It seems reasonable to regard the solutions with M
0
> 0 as black





< 0 is more like Reissner-Nordstrom in that there may
be two non-degenerate horizons or one degenerate horizon or no horizons
depending on the size of M relative to jZj and b. Note that the solutions




The fact that the purely electric solutions with M
0
= 0 and no horizons
have conical singularities was pointed out by Einstein and Rosen. It was one
of the reasons why Born abandoned his attempt to construct a nite classical
theory of electrically charged particles using the Lagrangian (1.3). If he had
succeeded he knew that by dual invariance, he would also have succeeded in
constructing a nite classical theory of magnetically charged particles . Since
he did not believe that magnetic monopoles exist he chose to abandon (1.3)
and turn to other Lagrangians for non-linear electrodynamics which are not
dual invariant.
Born's original theory may be viewed in modern terms as an attempt to
nd classical solutions representing electrically charged \elementary states"
with sources which have nite self-energy. As we remarked above in a theory
admitting duality invariance, even a discrete dual invariance, there are also
magnetically charged classical solutions representing elementary states with
sources with nite self-energy. One might speculate that something like this
may happen in open bosonic string theory, since the Born-Infeld Lagrangian
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has a discrete duality invariance, but not in open superstring theory, since the
Tseytlin Lagrangian (1.5), (4.5) does not have a discrete duality invariance.
We now close with some speculative remarks. In open bosonic string











equating M with E given by (7.10). Born tried make contact with quan-
tum eld theory by identifying the particles going around closed loops which
give rise the Euler-Heisenberg Lagrangian [7] with his electrically charged
elementary states. Equating the masses gave a consistency condition which
turned out to determine a value for the ne structure constant. Apart from




the procedure was not really consistent because the Euler-Heisenberg La-
grangian for spinors, or scalars, does not coincide, even at lowest non-trivial
order, with the Born-Infeld Lagrangian. The calculation would look slightly
more convincing if one considered a hypermultiplet consisting of a charged
fermion and two charged bosons going around the loop because, in this case
at least, the Euler-Heisenberg Lagrangian does coincide with the Born-Infeld
Lagrangian at lowest order. Equating E given by (7.10) with the mass M









for a purely electrically charged state with electric charge e.
In the light of renormalization theory these calculations of the self-energy
of electrically charged particles do not seem very convincing. Currently there
is much speculation that elementary string states may be related to extreme





. Virtual black holes going round a closed loop would induce cor-
rections to the Maxwell Lagrangian. We do not know precisely what form this
eective Lagrangian takes, but it seems reasonable to suppose that, at lowest
order at least, it coincides with the Born-Infeld Lagrangian. This is because
both the bosonic and the superstring Lagrangians have this property and
moreover the behaviour of black holes is classically invariant under duality
rotations and appears to be invariant under discrete duality transformations
at the semi-classical level [14].
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It is therefore of interest to study the extreme electrically charged black
holes of Born-Infeld theory. These are the solutions with M
0




e > 1. From (7.8) the degenerate horizon of an extreme black hole is


























































Using (7.9) and (7.10) then gives the mass M of an extreme electrically















For 2Ge  b this agrees with the charge to mass ratio of the extreme


















proximately the same and plotting a graph of M dened by (7.17) against
e and b shows that the charge to mass ratio of extreme electrically charged
black holes in Born-Infeld theory is always approximately the same as in
Einstein-Maxwell theory.
It thus seems reasonable to assume that the eective Lagrangian obtained
by considering virtual black holes going round closed loops will also give rise









G. If one then thinks that such








Thus if this approach is justied, the ratio of 
0
to G in string theory will be
constrained.
21
It is also interesting to note that exact, electrically charged extreme solu-



















Clearly the precise details of the calculation above cannot be trusted, how-
ever, it raises the interesting possibility that the coupling constant and the
ratio of 
0
to G might be determined by consideration of non-perturbative
black hole states.
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